Abstract. In this paper, we establish the local separation principle for the class of nonlinear systems which is approximately error linearizable and locally asymptotically stabilizable. For this class of nonlinear systems, it is first shown that there exists a local nonlinear observer whose estimation error converges to zero exponentially. In order to achieve local output feedback stabilization, the proposed nonlinear observer is employed in conjunction with the locally asymptotically stabilizing controller. As a result, we identify the class of nonlinear systems for which the local separation principle holds.
stabilization. [1] Due to this obstruction, research interest is divided into two fields. One is to impose structural restrictions on nonlinearity of a system. [2] Although these additional conditions allow for desirable properties, they demand a severe sacrifice in some aspects. Motivated by this insight, the other approach is focused on the semiglobal output feedback stabilization instead of global one. Since the latter does not require a conservative restriction for system dynamics, it is much appealing than the former in the practical viewpoint. In that direction, the first significant contribution was given by Esfandiari. [3] In [3] , the robust output feedback controller incorporating a high gain observer is proposed for feedback linearizable systems. [3] has also shown that saturating the controller prevents the state of a system from peaking while it is estimated by a high gain observer. On the other hand, Teel and Praly proved that global stabilizability and observability for nonlinear systems imply semiglobal stabilizability by output feedback. [4] Also, Khalil used the work of [3] to achieve the semiglobal output feedback stabilization for fully linearizable systems. [5] Recently, it was established in [6] that the performance of a globally bounded state feedback controller for a certain class of nonlinear systems can be recovered by an output feedback controller with a high gain observer. In particular, [7] proved that the semiglobal result can be obtained using Gauthier's observer for uniformly observable systems. In general, for the semiglobal output feedback stabilization for nonlinear systems, it is essential to design a high gain observer with a sufficiently fast convergence rate. However, this is possible only for uniformly observable nonlinear systems. In this paper, we are interested in the local separation principle for nonlinear systems. In [8] , it was shown that the existence of a local observer and the local stabilizability are sufficient conditions to solve this problem. Therefore, it is important to characterize the class of nonlinear systems for which the work of [8] is applicable. To this end, we consider the special class of nonlinear systems which is approximately error linearizable and locally asymptotically stabilizable. In [9] , K.Nam has developed the approximate error linearization which relaxes the strong restrictions of the exact error linearization. In the practical viewpoint, this technique has advantage in that it can be applied to the larger class of nonlinear systems than the exact one. It is first shown that for this class of systems, there exists a local nonlinear observer which guarantees the exponential convergence to zero of its estimation error.
For the local output feedback stabilization, the proposed observer is combined with the given locally stabilizing state feedback controller. As a result, we establish the local separation principle for this special class of nonlinear systems. For the future use, we introduce some notations : 
. Also, the notation denotes
In this paper, we consider a single input single output nonlinear system of the form ) (
is the state, is the control input, R u ∈ R y ∈ is the output, and are smooth vector fields, and is a smooth function. In addition, it is assumed that and
. In what follows, we introduce some definitions needed in order to present main results of this paper. , and the matrices and are defined as
The sufficient and necessary conditions for approximate error linearization were given in [9] . It was also shown that the coordinate transformation, which transforms the system (1) into the approximate observer form, can be directly obtained as vectors of polynomials instead of the solution of partial differential equations. As will be seen later, the approximate observer form allows us to design a local exponential observer for the system (1).
Definition 2:
The system (1) 
Furthermore, if the origin is locally exponentially stable equilibrium point of the system (3), the system (1) is said to be locally exponentially stabilizable. In this paper, our aim is to develop the local output feedback controller with the separate design of stabilizing controller and observer. For this, all we require are approximate error linearizability and local stabilizability. While the result of [8] assumes the existence of a local observer for nonlinear systems, our paper identify the class of systems for which the local exponential observer design is available and presents an explicit output feedback design for this type of systems.
Ⅲ. Local Observer Design
In this section, we will show that if the nonlinear system (1) is approximately error linearizable to order , then there exists a local nonlinear observer which guarantees the exponential convergence to zero of its estimation error. Before proceeding, we make the following assumption on the system (1). 
, then the following nonlinear observer
where β is some positive constant. For the moment, it is assumed that is bounded in the set , which will be justified later.
Similarly, by a coordinate transformation Let be the estimation error. Then from (5) and (6), the error dynamics leads to
In the same way as [10] , we have
where the second inequality follows from (9). 
Considering the Bellman-Gronwall's lemma and (8), it follows that
After an easy manipulation, it is obtained that 
Remark 1:
The proof of Theorem 1 is similar to the argument used in [10] . It should be noticed that while the Assumption 1 may be somewhat restrictive, it makes the exponential observer design possible. In other words, the Assumption 1 guarantees that there exists a neighborhood of the origin such that the Lipschitz condition (9) is satisfied.
Remark 2: Also, note that the control bound 2 δ must be small enough to guarantee the exponential convergence of the proposed observer (4).
Ⅳ. Local Separation Principle for Nonlinear Systems
This section presents the local separation principle for the class of nonlinear systems which is approximately error linearizable and locally asymptotically stabilizable. To the end, the proposed local observer is used in conjunction with the existing locally stabilizing feedback controller for the system (1). In order to prove the main result, we need the additional assumption on the system (1).
Assumption 2:
The system (1) In what follows, we provide the stability analysis for closed loop system.
Theorem 2:
Under the Assumptions 1-2, the equilibrium point of the system (1) is locally asymptotically stabilized by the controller (10) Proof: Let . Considering (1) and (10), the closed loop system is represented 
We will first prove that the equilibrium 0 , 0 = = e x of (11) 
For (12) to make sense, the bound of initial conditions must be chosen so that 
, it is obtained from (13) and (18) that for
Moreover, it follows that for Remark 3: Our proof of Theorem 2 used the arguments similar to ones in [8] and [12] . Theorem 2 has shown that approximate error linearizability and local stabilizability imply local stabilizability via output feedback. Compared with the work of [8] , our results have identified the class of nonlinear systems for which the constructive design for output feedback stabilization is possible.
Ⅵ. Conclusions
In this paper, the local separation principle for the special class of nonlinear systems has been established. We have proved that if a nonlinear system is locally approximately error linearizable, then there is a local nonlinear observer whose estimation error decays to zero with an arbitrary exponential rate. As a result, we have characterized the class of nonlinear systems for which local exponential observer design is available. Moreover, it has been shown that local stabilizability and local approximate error linearizabililty guarantee local stabilizability via output feedback.
